
 lecture 6

I set function defined on F

S F mathbbD is called probability space

mathbbDleftphiright0

mathbbDleftUi1nAirightsum_i1nPhileftAiright Ai pairwise disjoint

AmathbbDleftAcright1mathbbDleftAright
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I measures the area of events

AinF we can define its area IleftAright

Measure Theory
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e f Sw1w2ldots
IPleftSright

mathbbDTrightarrowleft01right As followsDefine

mathbbDleftWirightai such that



sum_i1inftyai1Experiment
Toss a coin until the first

mathbbDleftSright1
emathbbDleftcupi1inftyAirightsum_i1inftymathbbDleftAiright

head Head q
Tail 1 q

S123 4

mathbbDleftnrightleft1qrightn1cdotq

sum_n1inftyPleftnright1
11 even number of tosses mathbbD2468ldots

Independence

sum_k1inftymathbbDleft2krightldots
Conditional Probability Independence

e g Toss a coin twice

SleftHHright leftHTrightleftTHrightleftTTright
mathbbD2 heads frac14
There was at least one head

mathbbD2 heads frac13



sleftHHright leftHTrightleftTHright 3

Def Conditional probability S J mathbbDrangle

and BinF mathbbDleftBright0 The conditional

probability of t given B is

mathbbDleftABrightfracmathbbDleftAcapBrightmathbbDleftBright
B is used to filter S

e g Disease Testing

let A random person has the disease

S DleftAright

DIA 1

a test

has the disease 99 the result is

no disease 958 the result is

B result is positive

mathbbDleftAright99

mathbbDleftBAright099
mathbbDleftBcAcright095 Bayes Theorem
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so mathbbDleftA1capA2ldotsAnrightmathbbDleftA1rightmathbbDleftA2A1rightmathbbDleftA3A1capA2right



l2
An A 1 tn1box

Polya's

red

black balls

draw one ball put it back add a

more balls of the same color

e g urn

r balls

b
repeatly

Draw n times

mathbbD the first n1 times are black
the remain nmn2 times are red

let Ai the ith draw come out with
the prescribed color

A1 1st is black
AL 2nd is black

vdots

An11n11 is red

mathbbDleftA1capA2capldotscapAnright

mathbbDleftA1rightfracbbr
mathbbDleftA2A1rightfracbcbrc



mathbbDleftA3A1A2rightfracb2cbr2c

vdotsmathbbDleftAn1A1ldotsAn11rightfracbleftn11rightcbrleftn11rightvdotsmathbbDleftAn11A1ldotsAn1rightfracrbrn1vdots

fracrcbrleftn1crightc

fracrleftn21rightcbrleftn1rightcmathbbRleftAnldotsright

which is largermathbbDleftArightmathbbDleftABright

A card is red mathbbDleftArightfrac12

B mathbbDleftABright
1card is heart

card is spade 0

card is Ace A B
independent

frac12
are

Def Independence of two events



A and B are independent y
AIB
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PCB J

mathbbDleftAcapBrightmathbbDleftArightmathbbDleftBAright

if AcoprodB then ArcoprodB AcoprodBcAcoprodBc

remark

mathbbDleftAcapBrightmathbbDleftArightmathbbDleftBright

Independent mutually exclusive

AcapBvarnothing

PleftBAright0
ABC

iij ineqj

mathbbDleftAicapAjrightmathbbDleftAirightmathbbRleftAjright
A1A2ldotsAn

pairwise independence

mutually independence

foralllefti1ldotsikrightsubsetleft1ldotsnright
mathbbDAicapldotscap1 tin mathbbDleftAi1rightldotsmathbbDA in

Mutually independence pairwise independence



eg Bernstein's tetrahedron

4 faced die

red
white
black

red white black

mathbbDleftRrightmathbbDleftWrightmathbbDleftBrightfrac24frac12 i

mathbbDleftRcapWrightmathbbDleftRcapBrightmathbbDleftWcapBrightfrac14 frac12timesfrac12

mathbbDleftRcapWcapBrightfrac14neqmathbbDleftRrightmathbbDleftWrightmathbbDleftBright
frac18

pairwise independentonly

Law of total probability

leftAiright is a partition for S
ldots

BA1
AnA3A2

SmathbbDleftBrightsum_i1inftymathbbDleftBcapAiright
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